Dynamically corrected gates for an exchange-only qubit 
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We provide analytical composite pulse sequences that perform dynamical decoupling concurrently 
with arbitrary rotations for a qubit coded in the spin state of a triple quantum dot. The sequences 
are designed to respect realistic experimental constraints such as strictly nonnegative couplings. 
Logical errors and leakage errors are simultaneously corrected. A short pulse sequence is presented 
to compensate nuclear noise and a longer sequence is presented to simultaneously compensate nuclear 
and charge noise. The capability developed in this work provides a clear prescription for combatting 
the relevant sources of noise that currently hinder exchange-only qubit experiments. 



Semiconductor quantum dot spin systems offer a scal- 
able platform for quantum computing, and have received 
an increasing amount of attention as the push towards a 
practical, large-scale array of qubits continues. Although 
it is natural to consider a single localized electron spin 
as a qubit with single qubit rotations controlled by ex- 
ternally applied local radio-frequency ac magnetic fields, 
such ESR-type single electron spin rotations have turned 
out to be difficult IJ to implement experimentally in 
quantum dot architectures. It was subsequently noted 
that by encoding the qubit in the spins of three elec- 
trons on a triple quantum dot, control of the exchange 
couplings between dots is sufficient to perform any qubit 
rotation [2]. This "exchange-only" qubit is highly de- 
sirable for its fast, all-electrostatic operations without 
the complications of the local ac magnetic field control 
for single spin rotations [T| or the inhomogeneous mag- 
netic field control for singlet-triplet spin qubits [6]. Re- 
cent experiments demonstrate the viability of this all- 
exchange approach, but also the deleterious effects of 
charge noise and, predominantly, hyperfine-mediated nu- 
clear spin fluctuations [3 - 5j. 

This degradation of a quantum state through the hy- 
perfine interaction is a serious problem for quantum com- 
putation using triple quantum dot qubits, and is also 
encountered in the singlet-triplet spin qubit on a double 
quantum dot (Sl[7]. For the singlet-triplet qubit, schemes 
have been developed to preserve the qubit state [5HTU] 
and to perform gate operations while canceling errors 
[TTl [T2] . These schemes do not apply to the exchange- 
only qubit, though, due to the additional error channel 
of hyperfine-induced leakage out of the logical subspace. 
To date, error-limiting control sequences have been pro- 
posed only for the noop, or "no operation," gate [13] . 
Such NOOP operation is capable of extending the idle 
quantum memory as has already been demonstrated ex- 
tensively for single spins P^HTT] , but does not apply dur- 
ing gate operations. In this Letter, we introduce a scheme 
for performing arbitrary single-qubit rotations while can- 
celing errors to leading order in both nuclear Overhauser 
field and charge fluctuations. The resulting pulse se- 
quences are derived analytically, respect the unique phys- 



ical constraints of the experimental system, and are ex- 
perimentally implementable under realistic conditions. 
Our current work thus enables a direct method of car- 
rying out gate operations in all-exchange qubits which 
are dynamically decoupled from environmental noise ef- 
fects. 

We consider three electrons in a linear triple quan- 
tum dot system where neighboring dots are coupled by 
the Heisenberg exchange interaction. The qubit is en- 
coded in the S — 1/2 and = +1/2 subspace as 

|o) = (int)-i;n))/V2 and |i) = {\m) + \m))/V6- 

%/6|tti)/3 [2]. Fluctuations in the nuclear Overhauser 
field mediated by the hyperfine interaction cause the 
qubit states to leak to an S — 3/2, S^' — +1/2 state 
\Q) - (int) + lift) + \m))/V5 via the coupling 
Hhf — J2j ■ Here, Sj is the spin operator in the 
z-direction for the electron in the jth dot, and Bj is the 
hyperfine field. Leakage into other states, for example 
the Ittt) state, can be substantially suppressed by ap- 
plying a large homogeneous Zeeman field and is therefore 
neglected. 

Under the basis {|0), |1), |Q)} we may write our Hamil- 
tonian H = Hc + i?hf terms of the Gell-Mann matrices 
[E], A^, as [I9] 
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where we have defined A 12 — Bi ~ B2 and Ajj = 
_Bs — [Bi + i?2)/2 since only the inhomogeneous part of 
i?hf is important |19j . In the control Hamiltonian _ffc, 
Jij(t) is the exchange interaction between electrons in 
dots i and j which can be rapidly controlled electrostati- 
cally via the interdot detuning, e^j (t). Ai through A3 are 
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exactly Pauli matrices in the qubit subspace with no evo- 
lution in the leaked subspace. Therefore, in the absence 
of leakage, E12 and E23 implement rotations on the Bloch 



sphere about axes 120° apart, z and 



V3^ 



^z, respec- 



tively. Any single-qubit operation can then be composed 
from interleaving rotations about these two axes (or by 
pulsing both axes at once [20J. We denote ideal rota- 
tions about these axes by ^12(0) = exp{—iEi2(f>) and 
■^23(0) = exp(-i£;230)- 

There are two main sources of noise in this system. 
One is the nuclear noise, i/hf , which causes both dephas- 
ing within the logical subspace and leakage to state \Q), 
as is clear from Eq. This is characterized by A12 and 
Ay2- The other is the exchange noise, that is, imperfec- 
tion in the control resulting from for example detuning 
fluctuations induced by charge noise [3T], Seij. Different 
from the nuclear noise, exchange noise is typically depen- 
dent on the strength of the control field. Thus, both of 
the exchange terms have the form 



dJie) 



de 



(4) 



e(t) 



where J [e (t)] is the desired control field and de arises 
from, e.g., fluctuations in the background impurity po- 
tential. In our work, we consider the general case where 
J12 and J23 are controlled separately, meaning that Sei2 
and Se23 are independent noise channels. In practical 
experiments one sometimes produces one detuning axis 
for both J12 and J23 [5], and our general result certainly 
works for this specific case. Moreover, the functional de- 
pendencies of the exchanges on detunings are to be mea- 
sured experimentally. Phenomenological models exist in 
the literature, such as J = Joexp(e/eo) implying ^ cx J 
[32], as well as other forms [Ij. Nevertheless, as will be 
clear later, our result does not rely on any particular 
choices of the functional form. 

With these considerations we define a naive rotation 
of angle cf> around the E12 axis 



highly nonlinear equations to set each of the leading or- 
der error terms to zero - a forbidding task. However, the 
procedure can be substantially simplified by using sym- 
metry considerations to eliminate most of the error terms 
from the outset, allowing an analytical solution that we 
present in this work. 

In the following, we first neglect imperfections in the 
control of the exchange couplings and focus on cancel- 
ing the hyperfine-induced noise, which recently has been 
argued to play a dominant role in experiments [51 123) . 
Then, using the resulting pulse sequences as building 
blocks, we build nested composite pulses that also can- 
cel the exchange noise at the same time as the hyperfine 
noise. 

While an elegant approach for leakage error correction 
has previously been presented in Ref. 1241 we start with 
the alternative approach of West and Fong [T3] . The idea 
is that hyperfine errors in an identity operation can be 
turned into a harmless global phase by permuting elec- 
trons between sites such that each electron sees the same 
average magnetic field. This idea was used to construct 
spin echo sequences with delta function pulses, but we 
will use it to construct arbitrary corrected rotations with 
real pulses of finite duration. 

A complete cycle of permutations is performed by 
I — [Ui2{J, T^)U23{J, tt)]^ ■ To understand how the error 
accumulates, we first move to a rotating frame and con- 
sider the error induced by individual pieces, then com- 
bine them by moving back to the lab frame |25j . The 
real rotations can be related to ideal ones by Ui2{J, tt) = 
i?i2(7r)(l -i$i2) and C/23(J,7r) = i?23(7r)(l - «$23), with 
$12 = J2i '^i^i ^"^^ *^23 = biXi. We begin by consid- 
ering a composite pulse implementing an identity up to 
hyperfine errors, 

t/l2( J, 7^)U23iJ, ^)Ul2{J, 7r)U23{J, 7r)C/l2( J, 7T)U23iJ, ^) 

= /-i$tot, (6) 

where the error is 



UuiJ, <t') = exp <^ -I {[J + 9{J)6e^2] E12 + Hm} 



J 

(5) 

and define U23{J,4>) similarly. Here g{J) is a shorthand 
notation for ^^^^ evaluated at the detuning that pro- 
duces exchange J. The above rotation has first order 
errors related to both hyperfine interaction (A12, Aj^) 
and exchange noise ((5ei2, ^£34) [H]. Our goal is to find 
a pulse sequence that accomplishes the ideal rotation, 
i?i2 (</>), at the zeroth order while canceling all leading 
order errors. At the same time, we also want to respect 
the experimental constraint that J is always positive and 
(p > {i.e., time durations are positive). In general, logi- 
cal and leakage errors are expressed in terms of matrices 
Ai through Ay with coefficients that are functions of A12, 
Ay2, <^ei2, and <5e23, so one would need to solve 28 coupled 



$tot = $23 + ^1^*12^1 + ^2^*23^2 



+ Pi$12P3 + f'l$23i"4 + Pj$12P5- (7) 

Here P„ = nr=i ^^'^ ~ U23{J,tt) for i odd and 
C^i2 for i even. Simple algebra gives 



$tot = -3(a2 - 62)A2 + csAs. 



(8) 



Thus, if we replace the Ui2/23iJ, with composite pulses 
such that 02 =62, then the identity will be free of hyper- 
fine errors, other error terms being canceled by the cyclic 
permutations of Eq. (The Ag term is harmless, since 
it does not affect the qubit subspace.) 

There are various ways to achieve 02 = 621 but for 
our subsequent discussion it is most convenient to re- 
place C/i2/23( J, tt) above with a three-piece pulse sequence 
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U[2/23iJ'^)^ where 



1 Y 



J 



,2n~<j,j Ui2/23{J,<P 
(9) 

One can readily verify that U[^^^^{J,4>) has the desir- 
able property that its error satisfies 02 = 62 = to first 
order in the hyperfine fields. Therefore when one imple- 
ments the rotations in Eq. ([6| by Eq. (|9]), the hyperfine- 
induced error vanishes. The value of J is unimportant 
as long as its value is consistent when U12 rotations are 
implemented, and similarly for 6^23. (Although we have 
furthermore taken J12 — J23 = J for simplicity, it is not 
necessary that the same exchange coupling be used be- 
tween both pairs of dots.) We remark here that this gives 
an alternative dynamical decoupling scheme to that used 
in Ref. [S) Further calculation reveals that our sequence 
actually cancels the lowest two orders of error due to nu- 
clear noise for this particular case. 

Crucially, C/^2/23("^' '/') another desirable property 
that its error is independent of cf) and is thus always iden- 
tical to that associated with U[2^^^{J,tt). Both proper- 
ties are by design, and spring from the intuitive idea that 
[7(2 (J, 4>) should always perform its rotation in a way such 
that the qubit will spend equal time in both hemispheres 
of the Bloch sphere (reminiscent of the three-piece pulse 
for singlet-triplet qubits in The intuition must be 

supported by direct calculations, and it is shown in [18] 
that all hyperfine-associated error terms are indeed 
independent. 

The latter property allows us to implement a corrected 
nontrivial qubit rotation instead of an identity. We con- 
sider a variation of the sequence of Eq. (|6|, using the 
composite pulses of Eq. ^ and replacing the last tt ro- 
tation by one with a general angle. 



Ui2{^) EE C/{2(J,^ + 0)C/^3(J,^) [U[2{J,7r)U^3iJ,^)Y 



Ri2{4>) + (Ai2 + A^)^ 



(10) 



The total sequence error remains zero to first order since 
the error of the last piece does not depend on cf) and the 
[7(2/23 '^si'S designed such that 02 = 62 = 0. The fact 
that the rotation implemented by the last piece of the 
sequence has been changed only manifests itself in the 
zeroth order term since does not appear in the expres- 
sion for total error ([t]). To implement an i?23(0) rotation 
one simply interchanges 12 and 23 indices. Thus, neglect- 
ing exchange errors at this stage, we have found a pre- 
scription to perform arbitrary single-qubit corrected op- 
erations. The explicit analytical form showing hyperfine- 
noise cancellation, the remaining As term as well as the 
exchange error terms in case of imperfect control are in- 
cluded in HHI . We also note that because < tt -f < 27r 



on the rhs of Eq. ( 10 ) to ensure positive pulse durations, 
the angle in its Ihs must be restricted to — tt < < tt. 
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FIG. 1: Example pulse sequence for corrected rotation achiev- 
ing i?i2(0.77r). 
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FIG. 2: Gate infidelity of naive (solid) and hyperfine- 
corrected (dot-dashed hues) rotations, assuming perfect con- 
trol. The rotations implemented are, (a) ?7i2(0.77r), and (b) 
f/23(0.77r). Here we have taken A12 = Ajj = A. These as- 
sumptions are for display purposes only and will not affect 
the generality of our result. 



In Fig.jTJwe show an example of pulse sequences achiev- 
ing i?i2(0.77r). For i?23(0.77r) one simply needs to swap 
the upper and lower panels. Fig. [2] shows the gate infi- 
delity of these rotations for a range of hyperfine fields. 
As one would expect, the infidelity in the uncorrected se- 
quence is roughly second-order while that of the corrected 
sequence appears to be fourth-order in A12 and Ajj- Our 
pulse sequence delivers a substantial error reduction, al- 
lowing it to tolerate a much wider range of hyperfine error 
within the quantum error correction threshold. 

We now proceed to the cancellation of the exchange 
noise. This is not trivial because the strategy of Eq. ([9]) 
does not apply due to the peculiar control-dependent 
form of the exchange noise. In fact, any similar form 
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involving a cascade of J12 rotations, fl^ Ui2{Ji, 4>i), with 
values of Ji assigned such that the error is independent 
of <j) could only possibly work if the pulse form is chosen 
based on exact a priori knowledge of g(J), or in other 
words, the exact functional dependence of J(e). Since 
that is a sample-dependent property, it is far better to 
consider a form that will work more generally. There- 
fore, in order to find a J12 pulse sequence which cancels 
exchange noise for any g{J), we must invoke both J 12 
and J23 rotations ~ complicating matters by introduc- 
ing another independent error source, 8^23 ~ and assign 
rotation angles to them such that all error terms are can- 
celed simultaneously. To simplify the task (no doubt at 
the cost of pulse length), we can build all rotations from 
the hyperfine-corrected building blocks t/i2/23('^) so that 
we can focus on the exchange noise only. The algebra is 
rather involved, but in this way we have found a sequence 
which leads to a cancellation of exchange noise for both 
axes. We first define an identity up to exchange error 
terms 

?L2((?!>1, 02) = Ui2{-(l)2)U2'i{~4'l) 



(7l2(7r) C/23('/'l)C/l2(02), (11) 



and then we can express the sequence that corrects both 
exchange and hyperfine errors to leading order as 

Ui2{(l)) = Ui2{(l))Il2{4ll,(j}2)h2{-4'l^-4'2) 

= i?i2(0) + O [(A12 + + 5ei2 + 5e2zf] , (12) 
where the parameters are given by [18] 



91 — arccos — - 



TT + 4> 



^2 = arctan 



47r -I- ( 



(13) 
(14) 



We note that for any £ [— 7r,7r], Eqs. (13) and (14) are 
well defined and the resulting (j)i and 02 are both within 
the prescribed range [— 7r,7r]. Therefore Eqs. 
complete the core results of this paper. 

In Fig. |3] we show the infidelity of gates performing 
i?i2(0.77r) and i?23(0.77r). The red hues are for the case 
without the hyperfine error; while blue lines are for hy- 
perfine error A12 = Ajg = O.OUmax- The corrected pulse 
clearly delivers improvement to the naive pulses for small 
charge noise. The reason the improvement is apprecia- 
ble only at very small 5e is that, although the first order 
error is completely cancelled, one is left with a large co- 
efficient in the next order error. This coefficient could 
likely be reduced by further optimization of the pulse. 
Nevertheless, the relevant parameter regime for typical 
experiments is estimated to be that of small charge noise 
dominated by hyperfine noise [SI [53] , which is the regime 
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FIG. 3: Gate infidelity of naive (solid) rotations and ro- 
tations with both exchange and hyperfine noise corrected 
(dot-dashed and dotted fines). The rotations implemented 

are, (a) )7i2(0.77r), and (b) (723(0. Tvr). Here we have taken 
gi2{J) = 523 (J) = J/^o- We have also taken A12 = Ajj = A 
and 5ei2 = (Se23 ~ Se. Again, these assumptions are for dis- 
play purposes only. 



where the fully-corrected pulse could already be useful in 
its current form. 

The cost for the error cancellation is that we have 
made the pulse sequence long. For hyperfine-corrected 
sequence, typically IStt of rotation is needed. For the 
sequences robust against both hyperfine error and the 
exchange error, one would need ~ 2307r of rotations. Al- 
though this number seems challenging, recent experiment 
[S] has demonstrated ^ IGOtt coherent rotations within 
~ 2 ns, which is well below even their lower bound on T2 
of ^ 100ns. This suggests that our hyperfine-corrected 
pulse sequence can be immediately implemented in ex- 
periments, while even the much longer, fully-corrected 
sequence is still within practicality. Moreover, for re- 
alistic situations one usually controls J12 and J23 with 
one single detuning, which can be used to further opti- 
mize the sequence. We emphasize that the pulse sequence 
discussed in this paper is completely general, canceling 
dei2 and 6e23 independently and making no assumption 
whatsoever on how the exchange depends on detuning. 
Further optimization would require input of this infor- 
mation and could vary from system to system, requiring 
a case-by-case analysis. 

It is interesting to consider error cancellation beyond 
the first order. In [TS] we demonstrate that in absence of 
the exchange error, hyperfine error can be corrected up 
to second order by cascading the pulse of Eq.[9| However, 
pushing to higher orders does not necessarily improve the 
performance of the pulses, as shown in [11]. We there- 
fore speculate that it would be more useful optimizing 
the pulse sequences presented here, rather than cancel- 
ing higher orders of errors by a much longer sequence. 
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In conclusion, we have presented analytical composite 
pulse sequences for arbitrary rotations of an exchange- 
only qubit, which are simultaneously robust against both 
nuclear noise and charge noise. The form of our sequences 
satisfies the physical constraints of the exchange-only sys- 
tem, does not assume a priori knowledge of the exact 
functional dependence of the exchange interaction on de- 
tuning, and is realistic for current experimental imple- 
mentation. We therefore believe that this control method 
will be immensely useful to on-going experimental efforts 
towards scalable arrays of qubits with all-electrostatic 
control. 
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Supplementary material 



I. GELL-MANN MATRICES 

Here for convenience we give the explicit forms of the Gell-Mann matrices [^ used in the paper: 





(S-1) 



II. ANALYTICAL FORMS OF PULSE SEQUENCES 



In this section we present the detailed analytical form of the pulse sequences presented in the main text of the 
paper. 
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A naive rotation with J12, Ui2{J, 4>), defined in Eq. ([5]), has first order error as 



UM <t>) = i?r.(0) / - ^^A,.Ar + ^^|^A,.A. + ^-^A^ + 



oei2 A3 - i^=^Ai2A4 



cos^-1 , ■ <l)9i2{J) ^ . , 



(Ai2 + AY2 + ,5ei2 + (5e23)' 



(S-2) 



The expression for U2z{J, 4>) is similar but lengthy, therefore we will not present it here. 

The three-piece pulse sequences [Eq. Q] forming the building blocks of the hyperfine-corrected rotation are 



C/{2(J,<^) = e-^i?i2((/.)U + 



Am . 



3J 



(2^ - 4>)9 



12 



J 



^/3J 



(2^ - c^)gi 



J 



0512 (^) 



0512 {J) 



(5ei2A8 + 



5ei2 



A3 - » gj Aj^Ae 



(A12 + AY2 + ^ei2 + (^£23)' 



(S-3) 



and 

C^23W0) = e-'^i?23(0)U + 



^/im , ITT , -y/S* 

-A12 + ^^At^ ' 



2J 



y3J 



2J 



(2^ - 0).923 ( 2 ) + "^^^23 (J) 



^£23 



Al 



ITT , ivr . I 

— A12 AvT 

3J 12 2J 



2J 



J 



(27r - 0)323 ( I ) + 0523 {J) 



<5e23 



Al 



^T2 ^4 



A4 + 



ITT / A12 



n/2 



y3J 



(27r 



;/23 



J 



0.923 (^) 



(5e23A8 + 



At2 Ae 



(A12 + Ai2 + 5ei2 + ^£23)' 



(S-4) 



Here, the overall phase factor e " indicates that the actual rotation angle is 2-k + 0. Note that the error terms 
related to A12 and Aj^ do not have any dependence. Moreover, the A2 term vanishes in both Eqs. (S-3) and (S-4 1. 



Therefore when we combine them as in Eq. (10), all hyperfine-induced errors cancel. 



The hyperfine-corrected rotations, defined in Eq. (|10|), are 

1^ 



C/l2(0) =i?12(0)U-«0 



5l2 



V3 



512 (1) 



(37r - 0).gi2 ( 2 ) + (37^ + 0).9i2 (1) 



(5ei2 + i\/i'K 



523 ( 2 ) + 523 (1) 



5e 



23 



(A12 + Ay2 +(5ei2 + (^£23)^ 



As (S-5) 



and 



C/23(0) =i?23(0)U 



2 

i\/37r 



.923 



512 



- .923 
512(1) 



^£23Al + y 



523 



^£12 



73 



(37r - (t))g; 



23 



523 (1) 

1 



'5£23A3 
+ (3^ + 0)523 (1) 



5e 



23 



As (S-6) 



O 



(A12 + Aj2 +(5ei2 +(5623)' 



(Here we took J = 1.) We see that all first-order dependences on A12 and Aj^ vanish. In case of perfect control, this 
sequence would be error-free in the first order. 
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are 



The exchange-noise-corrected pulse sequence, 



Ui2{(t>) ^ e^" Ri2{(l))ll - iVin 512 Q j - 512 (1) [(cos 0i - 1) cos 02 



building from Eqs. (S-5) and (S-6I according to Eqs. (11) and (12|, 



(5ei2A3 



512 

- i(7r + (/> -I- Sttcos^i) 512^^-312(1) 

(35^-0)512 + (43^ + <^)5i2 (1) 

(A12 + +^ei2 + ^£23) 



- 2 sin 01 sin ^2] (5ei2Ai 



i 

7! 



(5ei2 + 13^3 



523 Q j +523 (1^ 



Se23 



-0 



(S-7) 



and 



523 



' 523 (1) 



< — TT COS 02+71" COS 01 (3 -|- COS 02 ) + 27r sin 0i sin 02] (5ei2 Ai 



523 -523(1) 



[tt + + 37r(cos 01 -I- cos 02 — cos 0i cos 02 — 2 sin 0i sin 02)]<^ei2A3 (S-8) 



5l2 



-512 (1) 



x/3 



O {A12 + Aj^ + 6ei2 + Se23y 



{357T ~ 0)523 + (43^ + 0)523 (1) 



^£23 



As 



We first examine Eq. (S-7). To make the undesired 5ei2 and 5e23 terms vanish, we need 

TT + + 37r COS 01 = 0, 

(cos 01 — 1) COS 02 + 2 sin 0i sin 02 — 0. 



(S-9) 
(S-10) 



One can readily verify that the parameters given in the main text, Eqs. ( 13 ) and ( 14 ), satisfy these requirements. It is 



also straightforward to verify that the same 0i and 02 will cancel the undesired Sei2 and Se23 terms in Eq. (S-8 1. We 



remark here that this error cancellation scheme does not assume any particular form of 5 (J). Interestingly, one may 



note that after all first order error terms are cancelled, the remaining Ag terms in Eqs. (S-7) and (S-8 1 are identical 



when indices 12 and 23 are interchanged. This reflects the fact that the \Q) state is completely symmetric with respect 
to the three spins. 



III. SECOND-ORDER ERROR CANCELLATION FOR HYPERFINE NOISE 



In this section we demonstrate that if we have perfect control, then the hyperfine noise can be cancelled up to second 



order. Recall the construction of Eq. (10). if we find a composite pulse, {7{2(J, 0), the error of which is independent 



of up to the second order of A12 and Aj2, then the sequence 



C/i2(0) = C/{2(J,^ + 0)C/^3(^:^)t^(2(^,^)f/23(-/,'^)t^(2(^,'r)(7^3(J,7r) 



(S-11) 



would perform a rotation robust against hyperfine noise up to second order. Note that we only need a "first-order" 



corrected U23{J,'!r) in Eq. (S-11) [not [723(J, tt)] since its error is of course independent (only tt rotation is needed) 
and its error on A2 can be verified to remain zero up to the second order. Also, the strength of the control field in 
U23{J, it) and {j[2{Ji 4>) does not have to be equal, as already noted in the main text. 

We have found U'-^^iJ, 0) having the desired property by cascading U[2iJ, 0) defined in Eq. ([9| as 



U[2(.J,<P)^U[2[J,^]U[2[J,^]U[2 



(S-12) 



8 



Direct algebra shows 

t/{2(J,0)=i?12(<^) 



J2 12 ' 



327r2 



- At^ + ^ + -^Al, ] A3 



J2 



J2 



J 



n2 



J2 



^12 



J2 



Af2 Ae 



/ 4^^/37^ 



At2 



(S-13) 



and it is obvious that there is no 4> dependence in the error terms on the rhs of Eq. (S-13 1. One can then calculate 



Eq. (S-11) as 



t/l2(</') =i?12(</')U + 



^"^"^ ^^^-A?2 + Ai2Ai2 + Af^) As + O (Ai2 + Ai2f 



(S-14) 



where the hyperfine noise induced error is cancelled up to the second order (we have taken J — 1). For f723(0) 
corrected to the same order, one simply interchanges the 12 and 23 indices in Eqs. (S-11) and ( |S-12 ). We also note 
that for all rotation angles to be guaranteed non-negative, we require (tt + (/))/3 > and 27r — (tt + (/))/3 > [from the 
rhs of Eq. (S-12)], which is obviously satisfied for any (/) S [— tt, tt]. 



IV. DEFINITION OF FIDELITY 



In Figs. [2] and |3] we characterize the error in terms of the infidelity (one minus the fidelity, F). The fidelity has 
been discussed in Refs. [£2 and [33]. However, due to presence of the leaked state our evolution operator is not 
trace-preserving. Therefore Eq. (7) of Ref. [S2 must be extended as 

F = ^Tr ^XoV'^UfXoU] + "^^j"^^ ^ fXjU]^ , (S-15) 

where V is the desired (noiseless) operation, Uf is the actual time evolution at the conclusion of composite pulse 
sequence, and 



Ao = 1 . (S-16) 
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